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HIGHLIGHTS

+ A Koopman-based integrated modeling and control framework is proposed for MR semi-active suspensions.
+ MR damper dynamics are globally linearized using Koopman operator theory.

« A static output feedback H_, /G H, controller balances comfort, safety, and suspension stroke.

« Simulations verify improved vertical dynamics over PASOF-H /G H, and Sky-hook control.

ARTICLE INFO ABSTRACT

Keywords: To comprehensively improve the vertical dynamics of in-wheel motor driven electric vehicles IWM-EVs), the op-
Electric vehicles timal control of semi-active suspension systems equipped with magnetorheological (MR) dampers is investigated
Semi-active suspension in this paper. The conflicting objectives of ride comfort, driving safety, and suspension stroke are addressed,

Magnetorheological damper
In-wheel motor
H_ /Generalized H, control

along with the control challenges introduced by the nonlinear behavior of the MR damper. To accommodate the
strong nonlinear coupling between the MR damper and suspension system states, an integrated modeling and
control framework is proposed. This framework overcomes the approximation limitations of conventional hier-
archical control in handling nonlinear dissipation constraints and eliminates the discontinuities associated with
fixed switching logic in segmented control architectures. However, the nonlinear coupled dynamics significantly
increase the complexity of controller design and computation. In response to this issue, the Koopman operator the-
ory is employed to derive a globally linear representation of the MR damper dynamics, upon which an integrated
linear equivalent model is constructed. Furthermore, an output-feedback H_ /Generalized H, (H,/G H,) control
strategy is developed on this basis to optimize the overall vertical performance of the vehicle. Simulation com-
parisons show that, relative to hierarchical control methods and the conventional Sky-hook control, the proposed
integrated strategy better exploits the real-time adjustability of the MR damper, leading to notable improvements
in vehicle vertical dynamics under various road excitations.

1. Introduction transmission components, leading to a more efficient and simplified
drivetrain [3]. However, the integration of IWM inevitably raises the un-
sprung mass, which amplifies vertical vibration and compromises ride
comfort [4]. Furthermore, excessive unsprung mass intensifies the in-
ertial effects of the unsprung components, making it difficult for the
tire to maintain consistent contact with the road surface under dynamic
inputs [5]. These adverse effects make it more challenging to bal-
ance ride comfort, driving safety, and suspension stroke limits [6]. To
address these issues, Bridgestone has developed a dynamic damping

Electric vehicles (EVs) are widely recognized as an eco-friendly auto-
motive technology that contributes to sustainable transportation, owing
to their lower dependence on fossil fuels and the consequent attenu-
ation of CO, emissions associated with global warming [1]. In EVs,
the conventional internal combustion engine is substituted with elec-
tric motors [2]. For IWNM-EVs in particular, each wheel is powered by
an individually controlled electric motor integrated directly into the
wheel assembly. This configuration eliminates the need for conventional
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\begin {align}& m_s \ddot {x}_s(t)+k_s\left (x_s(t)-x_u(t)\right )+c_s\left (\dot {x}_s(t)-\dot {x}_u(t)\right )=F(t) \nonumber \\ & m_u \ddot {x}_u(t)+k_t\left (x_u(t)-x_r(t)\right )-k_s\left (x_s(t)-x_u(t)\right )-c_s\left (\dot {x}_s(t)-\dot {x}_u(t)\right )\nonumber \\ &-k_d\left (x_d(t)-x_u(t)\right )-c_d\left (\dot {x}_d(t)-\dot {x}_u(t)\right )=-F(t) \nonumber \\ & m_d \ddot {x}_d(t)+k_d\left (x_d(t)-x_u(t)\right )+c_d\left (\dot {x}_d(t)-\dot {x}_u(t)\right )=0 \label {ieq1}\end {align}


\begin {align}\label {ieq3} \dot {\chi }(t)=A \chi (t)+B_1 F(t)+B_2 w(t)\end {align}


\begin {align*}&A=\left [ \begin {array}{cccccc} 0 & 1 & 0 & -1 & 0 & 0 \\ -\frac {k_s}{m_s} & -\frac {c_s}{m_s}& 0 & \frac {c_s}{m_s}& 0 & 0 \\ 0 & 0 & 0 & 1 & 0 & 0 \\ \frac {k_s}{m_u}& \frac {c_s}{m_u}& -\frac {k_t}{m_u}& -\frac {c_s+c_d}{m_u}& \frac {k_d}{m_u}&\frac {c_d}{m_u}\\ 0 & 0 & 0 & -1 & 0 & 1 \\ 0 & 0 & 0 & \frac {c_d}{m_d}& -\frac {k_d}{m_d}& -\frac {c_d}{m_d} \end {array}\right ],\\[6pt] &B_1={\left [ \begin {array}{lllllll} 0 & \frac {1}{m_s}& 0 & -\frac {1}{m_u}& 0 & 0 \end {array}\right ]}^{{\textrm {T}}}, B_2={\left [ \begin {array}{llllll} 0 & 0 & -1 & 0 & 0 & 0 \end {array}\right ]}^{{\textrm {T}}}\end {align*}
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\begin {align}\label {ieq4} \chi (k+1)=G \chi (k)+H_1 F(k)+H_2 w(k)\end {align}
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\begin {align}& x^m(k+1)=\tanh \left (W_I \times u^m(k)+W_H \times x^m(k)\right )\nonumber \\ & F^m(k+1)=W_O \times x^m(k+1)\label {ieq5}\end {align}


\begin {align*}x^m(k)={\left [ \begin {array}{llll} x_1^m(k) & x_2^m(k) & \ldots & x_{10}^m(k) \end {array}\right ]}^{{\textrm {T}}}\end {align*}


$k$


\begin {align}\label {ieq6} u^m(k)={\left [ \begin {array}{lll} I^m(k) & \chi _1^m(k) & \chi _2^m(k)-\chi _4^m(k) \end {array}\right ]}^{{\textrm {T}}}\end {align}


\begin {align}\label {ieq7} &r_{{\textrm {norm}}}=-1+\frac {\left (r-r_{\min }\right ) \cdot 2}{r_{\max }-r_{\min }}\\ \label {ieq8} &r=\frac {\left (r_{\text {norm }}+1\right )\left (r_{\max }-r_{\min }\right )}{2}+r_{\min }\end {align}


\begin {align}\label {ieq7} &r_{{\textrm {norm}}}=-1+\frac {\left (r-r_{\min }\right ) \cdot 2}{r_{\max }-r_{\min }}\\ \label {ieq8} &r=\frac {\left (r_{\text {norm }}+1\right )\left (r_{\max }-r_{\min }\right )}{2}+r_{\min }\end {align}


\begin {align}\label {ieq10} \xi =\frac {F_{\max }-F_{\min }}{2}, \quad b=\frac {F_{\max }+F_{\min }}{2}\end {align}
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\begin {align}\label {ieq9} \left \{ \begin {aligned} \chi (k+1) &= G \chi (k) + H_1\left [-\xi \cdot W_O \cdot x^m(k+1)-b\right ]+ H_2 w(k) \\[6pt] x^m(k+1) &= \tanh \left (W_l \cdot u^m(k) + W_H \cdot x^m(k)\right ) \end {aligned} \right .\end {align}
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\begin {align*}k_t(x_u-x_r)<(m_s+m_u+m_d)g\end {align*}


\begin {align*}\left |x_s-x_u \right |<S_{max}\end {align*}


$I \in [0,1] {\textrm {A}}$


\begin {align}\label {ieq11} x_{k+1}^m=\bar {f}\left (x_k^m, u_k^m\right )\end {align}
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\begin {align}\label {ieq12} \bar {\hbar } \overline {\mathfrak {M}}\left (x_k^m, u_k^m\right )=\overline {\mathfrak {M}}\left (x_{k+1}^m, u_{k+1}^m\right )=\overline {\mathfrak {M}}\left (\bar {f}\left (x_k^m, u_k^m\right ), u_{k+1}^m\right )\end {align}
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\begin {align}\label {ieq13} \hbar \xi _i\left (x_k^m, u_k^m\right )=\xi _i\left (\bar {f}\left (x_k^m, u_k^m\right ), u_{k+1}^m\right )=\lambda _i \xi _i\left (x_k^m, u_k^m\right )\end {align}


$i=1,2, \ldots ,N$


$k$


$\bar {\hbar }$


\begin {align*}\chi _1=\left [ \begin {array}{lll} x_1^m & \ldots & x_{k_{\max }}^m \end {array}\right ], \chi _2=\left [ \begin {array}{lll} x_2^m & \ldots & x_{k_{\max }+1}^m \end {array}\right ], \\[6pt] Y=\left [ \begin {array}{lll} F_1^m & \ldots & F_{k_{\max }}^m \end {array}\right ], U=\left [ \begin {array}{lll} u_1^m & \ldots & u_{k_{\max }}^m \end {array}\right ]\end {align*}
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\begin {align}\label {ieq14} \psi \left (x_k^m\right )={\left [ \begin {array}{llll} \psi _1\left (x_k^m\right ) & \psi _2\left (x_k^m\right ) & \ldots & \psi _N\left (x_k^m\right ) \end {array}\right ]}^{{\textrm {T}}}\end {align}


$N$


\begin {align}\label {ieq15} &\underset {A_{MR}, B_{MR}}{\operatorname {minimize}} \sum _{k=1}^{k_{\max }}\left \|\psi \left (x_{k+1}^m\right )-A_{MR} \psi \left (x_k^m\right )-B_{MR} u_k^m\right \|_{2}^{2}\\[4pt] \label {ieq16} &\operatorname {minimize} \sum _{k=1}^{k_{\max }}\left \|F_k^m-C_{M R} \psi \left (x_k^m\right )\right \|_{2}^{2}\end {align}


\begin {align}\label {ieq15} &\underset {A_{MR}, B_{MR}}{\operatorname {minimize}} \sum _{k=1}^{k_{\max }}\left \|\psi \left (x_{k+1}^m\right )-A_{MR} \psi \left (x_k^m\right )-B_{MR} u_k^m\right \|_{2}^{2}\\[4pt] \label {ieq16} &\operatorname {minimize} \sum _{k=1}^{k_{\max }}\left \|F_k^m-C_{M R} \psi \left (x_k^m\right )\right \|_{2}^{2}\end {align}
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\begin {equation}\label {ieq17} \left \{ \begin {array}{c} z_{k+1}=A_{MR} \cdot z_k+B_{MR} \cdot u_k^m \\[6pt] F_{MR_k}=C_{MR} \cdot z_{k} \end {array}\right .\end {equation}


$z_k={\left [ \begin {array}{llll}\psi _1\left (x_k^m\right ) & \psi _2\left (x_k^m\right ) & \ldots & \psi _N\left (x_k^m\right )\end {array}\right ]}^{{\textrm {T}}}$
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\begin {equation}\label {ieq18} \psi _i\left (x_k^m\right )=\exp \left (-\frac {\left \|x_k^m-c_i\right \|^2}{ \sigma _i^2}\right ), \quad i=1, \ldots , N\end {equation}


$c_i \in \mathbb {R}^{n}$


$\sigma _i > 0$


\begin {equation}\label {ieq19} {\textrm {RMSE}}=\sqrt {\frac {1}{k_{\max }} \sum _{k=1}^{k_{\max }}\left \|F_{M R_k}-F_k^m\right \|^2}\end {equation}
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\begin {align}&I^m(k)=\varsigma _1 \cdot I(k)+d_1 \nonumber \\ &\chi _1^m(k)=\varsigma _2 \cdot \kappa _1 \cdot \chi (k)+d_2 \nonumber \\ &\chi _2^m(k)-\chi _4^m(k)=\varsigma _3 \cdot \kappa _2 \cdot \chi (k)+d_3 \label {ieq21}\end {align}
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\begin {align*}\begin {array}{rcl} d & = {\left [ \begin {array}{lll} d_1 & d_2 & d_3 \end {array} \right ]}^{{\textrm {T}}}, \kappa _1 = \left [ \begin {array}{llllll} 1 & 0 & 0 & 0 & 0 & 0 \end {array} \right ],\\ &\kappa _2 = \left [ \begin {array}{llllll} 0 & 1 & 0 & -1 & 0 & 0 \end {array} \right ]. \end {array}\end {align*}


\begin {align}\label {ieq20} \left \{ \begin {array}{l} \chi (k+1)=G \chi (k)+H_1\left [-\xi \cdot C_{M R} \cdot z(k+1)-b\right ]+H_2 w(k) \\[6pt] z(k+1)=A_{M R} \cdot z(k)+B_{M R}\cdot u^m(k) \end {array}\right .\end {align}


\begin {align}\label {ieq22} \left \{ \begin {aligned} \chi (k+1)=&G \cdot \chi (k)-\xi \cdot H_1 \cdot C_{MR}\cdot z(k+1)-H_1 \cdot b+H_2\cdot w(k) \\ z(k+1)=&A_{MR}\cdot z(k)+\varsigma _1 \cdot B_{MR1} \cdot I(k)+B_{MR} \cdot d\\ &+\left (\varsigma _2 \cdot B_{MR2} \cdot \kappa _1+\varsigma _3 \cdot B_{MR3} \cdot \kappa _2\right ) \cdot \chi (k) \end {aligned}\right .\end {align}


$B_{MR}=\left [ \begin {array}{lll}B_{MR1} & B_{MR2} & B_{MR3}\end {array}\right ]$


\begin {align*}X(k)={\left [ \begin {array}{lll}\chi (k) & z(k) & 1\end {array}\right ]}^{{\textrm {T}}}\end {align*}


\begin {align}\label {ieq23} X(k+1)=\tilde {A} X(k)+\tilde {B} I(k)+\tilde {H}_2 w(k)\end {align}


\begin {align*}\tilde {A}=\left [ \begin {array}{ccc} \tilde {A}_{11} & -\xi H_1 \cdot C_{M R} \cdot A_{M R} & -H_1 b-\xi H_1 \cdot C_{M R} \cdot \left (B_{M R} \cdot d\right ) \\ \varsigma _2 \cdot B_{M R 2} \cdot \kappa _1+\varsigma _3 \cdot B_{M R 3} \cdot \kappa _2 & A_{M R} & B_{M R} \cdot d \\ 0 & 0 & 1 \end {array}\right ],\end {align*}


\begin {align*}\tilde {B}=\left [ \begin {array}{c} -\xi \cdot H_1 \cdot C_{M R} \cdot \varsigma _1 \cdot B_{M R 1} \\ \varsigma _1 \cdot B_{M R 1} \\ 0 \end {array}\right ], \tilde {H}_2=\left [ \begin {array}{c} H_2 \\ O_{30 \times 1} \\ 0 \end {array}\right ] \text {, }\end {align*}


\begin {align*}\tilde {A}_{11}=G-\xi \cdot H_1 \cdot C_{M R} \cdot \left (\varsigma _2 \cdot B_{M R 2} \cdot \kappa _1+\varsigma _3 \cdot B_{M R 3} \cdot \kappa _2\right ),\end {align*}
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\begin {align}\label {ieq24} y_1(k)=C_1 X(k)+D_1 I(k)\end {align}


\begin {align*}&C_1=-\frac {1}{m_s}{\left [c_{11} \quad \xi \cdot C_{MR}A_{MR} \quad \xi \cdot C_{M R}B_{M R} \cdot d+b\right ]}_{1 \times 37},\\ &D_1=-\frac {1}{m_s} \cdot \xi \cdot C_{M R} \cdot \varsigma _1 \cdot B_{MR1},\\ &c_{11} = \ \xi \cdot C_{M R}\left (\varsigma _2 \cdot B_{M R 2} \cdot \kappa _1+\varsigma _3 \cdot B_{M R 3} \cdot \kappa _2\right ) + k_s \cdot \kappa _1 + c_s \cdot \kappa _2\end {align*}


$y_2(k)$


\begin {align}\label {ieq25} y_2(k)=C_2 X(k)+D_2 I(k)\end {align}


\begin {align*}&C_2=\left [ \begin {array}{ccc} \frac {\kappa _1}{S_{\max }} & O_{1 \times 30} & 0 \\[6pt] \frac {k_t \cdot \kappa _3}{f_{\text {static }}} & O_{1 \times 30} & 0 \\[6pt] O_{1 \times 6} & O_{1 \times 30} & -1 \end {array}\right ], \kappa _3=\left [ \begin {array}{llllll} 0 & 0 & 1 & 0 & 0 & 0 \end {array}\right ], \\ &D_2=\left [ \begin {array}{l} 0 \\ 0 \\ 2 \end {array}\right ]\end {align*}
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\begin {align}&\operatorname {minimize} \quad \left \|G_{wy_1}\right \|_{\infty }\nonumber \\ &\text {s.t.} \quad \left \|T_{w y_2}\right \|_g<1 \label {ieq26}\end {align}


\begin {align}\label {ieq27} &\left \|G_{wy_1}\right \|_{\infty }:=\sup _{w(t) \in L_2} \frac {\left \|y_1\right \|_2}{\|w\|_2}<\rho \\ \label {ieq28} &\left \|T_{wy_2}\right \|_g:=\sup _{w \in L_2} \frac {\left \|y_2\right \|_{\infty }}{\|w\|_2}<1\end {align}


\begin {align}\label {ieq27} &\left \|G_{wy_1}\right \|_{\infty }:=\sup _{w(t) \in L_2} \frac {\left \|y_1\right \|_2}{\|w\|_2}<\rho \\ \label {ieq28} &\left \|T_{wy_2}\right \|_g:=\sup _{w \in L_2} \frac {\left \|y_2\right \|_{\infty }}{\|w\|_2}<1\end {align}
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\begin {align}\label {ieq29} \left \|y_2\right \|_{\infty }:=\max _{i=1,2, \ldots , n} \sup _{t \geq 0}\left |y_{2 i}\right |\end {align}


\begin {align}\label {ieq30} I(k)=K y_3(k)\end {align}


\begin {align}\label {ieq31} y_3(k)=C_3 X(k)\end {align}


\begin {align*}C_3=\left [ \begin {array}{lll}c_{31} & O_{2 \times 30} & O_{2 \times 1}\end {array}\right ], c_{31}=\left [ \begin {array}{cccccc}1 & 0 & 0 & 0 & 0 & 0 \\ 0 & 1 & 0 & -1 & 0 & 0\end {array}\right ]\end {align*}


\begin {equation}\label {ieq34} y_2(k)=\left (C_2+D_2 \cdot K \cdot C_3\right ) X(k)\end {equation}


$x(0)=0$


\begin {equation}\label {ieq32} \begin {aligned} X(k+1) & =\tilde {A} X(k)+\tilde {B} I(k)+\tilde {H}_2 w(k) \\ & =\left (\tilde {A}+\tilde {B} \cdot K \cdot C_3\right ) X(k)+\tilde {H}_2 w(k) \end {aligned}\end {equation}
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$W_k=W_{k+1} \in \mathbb {R}^{37 \times 37}$


$S_k \in \mathbb {R}^{1 \times 2}$


\begin {align}\label {ieq36} \left [ \begin {array}{cc} -W_k & * \\ C_2 \cdot W_k+D_2 \cdot S_k \cdot C_3 & -\mathfrak {I}_{3^* 3} \end {array}\right ]<0\end {align}


$\left (\rho ^*, W_k^*, S_k^*\right )$


\begin {align}\label {ieq37} K=S_k \cdot N_k^{-1}\end {align}


$N_k C_3=C_3 W_k$
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\begin {align}\label {ieq38} V(X(k+1))-V(X(k))+y_1^{{\textrm {T}}}(k) y_1(k)-\rho ^2 w^{{\textrm {T}}}(k) w(k)<0\end {align}


\begin {align}\label {ieq39} X^{{\textrm {T}}}(k+1) P_{k+1} X(k+1)-X^{{\textrm {T}}}(k) P_k X(k)+y_1^{{\textrm {T}}}(k) y_1(k)-\rho ^2 w^{{\textrm {T}}}(k) w(k)<0\end {align}


$P_{k+1}=P_k$


\begin {align}\label {ieq40} \begin {aligned} &{\left [ \begin {array}{c} X(k) \\ w(k) \end {array}\right ]}^{{\textrm {T}}}\left [ \begin {array}{cc} -P_k & 0 \\ 0 & -\rho ^2 \end {array}\right ]\left [ \begin {array}{c} X(k) \\ w(k) \end {array}\right ]+X^{{\textrm {T}}}(k+1) P_{k+1} X(k+1)\\ &+y_1^{{\textrm {T}}}(k) y_1(k)<0 \end {aligned}\end {align}


\begin {align}\label {ieq41} \left [ \begin {array}{cccc} -P_k & * & * & * \\ 0 & -\rho ^2 \mathfrak {I}_{1^* 1} & * & * \\ \tilde {A}+\tilde {B} \cdot K \cdot C_3 & \tilde {H}_2 & -P_{k+1}^{-1} & * \\ C_1+D_1 \cdot K \cdot C_3 & 0 & 0 & -\Im _{1^* 1} \end {array}\right ]<0\end {align}
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$\operatorname {diag}\left \{ \begin {array}{llll}P_k^{-1} & \mathfrak {I} & \mathfrak {I} & \mathfrak {I}\end {array}\right \}$


$W_k=P_k^{-1}$


\begin {align}\label {ieq42} \left [ \begin {array}{cccc} -W_k & * & * & * \\ 0 & -\rho ^2 \mathfrak {I}_{1^* 1} & * & * \\ \left (\tilde {A}+\tilde {B} \cdot K \cdot C_3\right ) W_k & \tilde {H}_2 & -W_{k+1} & * \\ \left (C_1+D_1 \cdot K \cdot C_3\right ) W_k & 0 & 0 & -\mathfrak {I}_{1^* 1} \end {array}\right ]<0\end {align}
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mechanism that decouples the motor from the wheel by means of a
dedicated vibration absorption system [7]. Moreover, the topology op-
timization of IWM is often constrained by limited wheel space and
mechanical design limitations. Consequently, further improvements in
vertical vibration performance for IWM-EVs are increasingly dependent
on advanced control strategy design.

Numerous control strategies, including frequency-limited H_, con-
trol [8], fuzzy H,, control [9], model predictive control [10], event-
triggered control [11,12], and other control methods [13,14], have
been developed for active suspension systems in IWM-EVs. In con-
trast, research on semi-active suspension control remains relatively
limited. Relative to active systems, semi-active suspensions offer ad-
vantages such as lower cost, reduced weight, and lower maintenance
requirements, leading to a more favorable cost-performance trade-off
[15]. Consequently, semi-active suspensions equipped with MR dampers
have attracted considerable research interest. However, the inherent
energy-dissipative characteristic of such systems presents fundamental
challenges for controller design [16,17].

Traditional semi-active suspension strategies, such as Sky-hook [18],
Ground-hook [19], and hybrid control [20], typically regulate the
damping coefficient based on switching logic to comply with energy-
dissipative principles. However, these methods suffer from performance
degradation due to frequent switching. To further enhance system per-
formance, a hierarchical control structure is commonly adopted [21],
wherein the upper layer generates the desired damping force and the
lower layer utilizes an inverse-model-based controller for precise force
tracking. Nevertheless, the dissipative nonlinear constraints inherent
to MR dampers present a critical challenge that must be systemati-
cally addressed in the design of the upper-layer controller [22]. For
example, LQR is employed in [23] to improve the ride comfort of
the vehicle. To handle parameter uncertainties and road excitations,
sliding mode control is introduced [24,25]. Additionally, model predic-
tive control strategies incorporating preview information are proposed
in [26,27] to enhance vehicle dynamic performance. Although these
methods respect the physical constraints of MR dampers, they in-
herently sacrifice optimality by operating within a ’clipped-optimal
control’ framework-where the theoretical control outputs are clipped
to comply with damper limitations, inevitably leading to performance
degradation [28]. Therefore, systematically addressing the dissipative
constraint of MR dampers in controller design has become a criti-
cal issue to improve suspension performance. To this end, various
methods have been proposed to explicitly account for these nonlinear
dissipative constraints. For instance, a piecewise affine H_, controller
is developed in [29], which utilizes piecewise linearization to ap-
proximate the dissipative nonlinear behavior. In [30], the nonlinear
constraints are transformed via mixed logical dynamical modeling into
a mixed-integer quadratic programming formulation. Although these
approaches are capable of accommodating constraints, they inherently
rely on piecewise or switching logic, often resulting in discontinu-
ous transitions and compromised performance under varying operating
conditions.

Subsequently, a nonlinear MPC strategy is introduced in [31] for
integrated current optimization, employing parallel parameterization
and GPU acceleration to enhance real-time computational efficiency.
Meanwhile, an adaptive neuro-fuzzy system is applied in [32] for MR
damper modeling, followed by a T-S fuzzy controller designed for real-
time current regulation. However, the design of such fuzzy controllers
relies substantially on expert knowledge, and their effectiveness is con-
strained by the precision of the predefined membership functions. In
[33], a model-free reinforcement learning approach is adopted to learn
control policies directly from data; nevertheless, obtaining sufficient
high-quality training data remains a significant practical challenge.

Therefore, existing control strategies for MR semi-active suspension
systems exhibit significant limitations in multi-objective optimization.

82

ISA Transactions 176 (2026) 81-93

First, present methods inadequately address the inherent dissipative
nonlinearity of MR dampers, which restricts vehicle dynamic perfor-
mance and impedes systematic trade-offs among ride comfort, driv-
ing safety, and suspension stroke. Second, the computational com-
plexity associated with high-fidelity nonlinear models limits real-time
implementation on resource-constrained embedded vehicle platforms.
Furthermore, data-driven intelligent control methods often depend ex-
tensively on expert knowledge and high-quality training data, which
limits their practical applicability.

To address these challenges, an integrated control method based
on the Koopman operator for IWM driven MR semi-active suspension
systems is proposed in this paper. The proposed control framework sys-
tematically addresses the multi-objective control problem for strongly
nonlinear suspension systems, enabling full utilization of the dynamic
potential of MR dampers to simultaneously optimize ride comfort while
rigorously satisfying hard constraints. It overcomes the approximation
limitations inherent in conventional hierarchical control when handling
nonlinear dissipation constraints, and eliminates the discontinuities as-
sociated with fixed switching logic in segmented control architectures.
Specifically, an RNN model is first developed to characterize the non-
linear dynamics of the MR damper. Additionally, an equivalent linear
model of the damper is established via the Koopman operator, which
accurately captures its dynamic characteristics. Subsequently, an inte-
grated linear model of the suspension-actuator system is formulated.
Based on this integrated model, a static output feedback H_ /G H, con-
troller is designed for the MR semi-active suspension. The controller
employs an H_ norm-based approach to optimize ride comfort, while
the GH, norm directly enforces hard constraints on driving safety, sus-
pension stroke, and actuator saturation. Notably, the controller gains are
computed offline, thereby eliminating real-time computational burden.
Simulation results demonstrate that, compared with both the piecewise
affine static output feedback H /G H, (PASOF-H /G H,) and Sky-hook
control methods, the proposed strategy yields enhanced overall vehicle
performance under various road excitations.

2. Model description and problem statement

An integrated nonlinear model of a semi-active suspension system
equipped with an MR damper in an IWM-EV is presented, which accu-
rately captures the coupled dynamics between the damper and the sus-
pension structure. Although this model provides a more comprehensive
characterization of the system dynamics, the strong nonlinearity intro-
duces substantial challenges for controller design, making it difficult to
accommodate within conventional control methods.

2.1. Quarter-vehicle model

Based on the IWM driven system proposed by Bridgestone in [7],
Fig. 1presents the quarter-vehicle vertical dynamics model incorporating
a semi-active suspension.

The terms mg, m,, and m,; denote the sprung mass, unsprung mass,
and the mass of the IWM, respectively. k, and k, represent the spring
stiffness coefficients, while the tire is represented as a linear spring of
stiffness k,. The damping coefficients of the suspension and the motor
are denoted by ¢, and ¢,, respectively. The vertical displacements of m,
m,, and m, are respectively indicated by x,, x, and x,, while x, stands
for the road excitation input. The damping force produced by the MR
damper is expressed as F(7). All relevant parameters and their numerical
values are summarized in Table 1.

The system dynamics shown in Fig. 1can be expressed as:

m (1) + kg (x,() = x,(0) + ¢, (X,(0) — x,(0)) = F()
m %, () + k, (x,(1) = x,(1)) = ky (x,(8) = x,(1)) = ¢ (%,() = %,(D))
— kg (x40 = x,0) — cq (X40) = %,()) = —F (@)
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Fig. 1. IWM driven semi-active suspension model [11].

Table 1

Parameter numerical values of the suspension.
Description Symbol Value
Sprung mass my 320 kg
Unsprung mass m, 40 kg
Motor mass my 20 kg
Suspension stiffness ky 18,000 N/m
Suspension damping ¢, 1000 Ns/m
Tire stiffness k, 200,000 N/m
Suspension motor stiffness ky 15,000 N/m
Suspension motor damping ¢y 1000 Ns/m

my%q () + kg (xq@) = x,0) + ¢4 (%40 — %,)) =0 )]

For convenience, the following state vector is introduced:

0= xO-x0 1O xO-x0 KO xO-x0 %0 |

=[ 10 nO 6O O 0 o]
)

where y,(t) and y;(r) represent the suspension stroke and tire defor-
mation, respectively; y,(r) and y,(¢) denote the velocities of the sprung
and unsprung masses; while y5(r) and y4(r) correspond to the displace-
ment and velocity of the IWM. The state-space equation for system (1)
is established:

x®) =Ax(®)+ B F@) + Byw(t) 3
where
[ o 1 0 -1 0 0o |
ks S 0 0
mg mg ms
0 0 0 1 0 0
A= ﬁ [S _& cgtcy k_d cd 5
mll mll ml‘ mM mM mll
0 0 0 -1 0 1
0 0 0 a4 ko4
| mq mq mg |
T
Bi=[0 3 0 —5 0 0].B=[00 -1 00 0]

Taking a sampling time of 0.02s, the discrete-time state-space
equation for system (3) is established using the Z-transform method:
x(k+1)=Gy(k)+ H;F(k)+ Hyw(k) 4)

where G, H,, H, are the system matrices of the discrete-time model,
with the same dimensions as A4, B, B, in (3), respectively.

2.2. MR damper modeling

For precise modeling of the nonlinear characteristics of the MR
damper, a data-driven approach based on a Recurrent Neural Network
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hidden layer/context layer

Fig. 2. Structure of the RNN model for the MR damper.

(RNN) is employed. The data and training method follow our previous
work [34]. The network topology is illustrated in Fig. 2.

The inputs to the neural network consist of the current 1™, piston
displacement S™, piston velocity v™, and the time-delayed outputs of
the hidden layer neurons. The network output is the predicted damping
force F™. Additionally, the weight matrices W;, Wy, and W, represent
the connections between the layers of the RNN and are used to capture
the input-output relationship of the MR damper.

The state-space equation for the above RNN model is described as:

x"(k + 1) = tanh (W} x 0" (k) + Wy X x"(k))

F'k+1)=Woxx"(k+1) 5)

where

T
X"y = xTCk)  x(k) x|
represents the output of the RNN hidden layer at time k without physical
meaning. The control input of the MR damper is denoted as

Wy = I AR R - 2k ] )

Remark 1. As the MR damper is installed between the sprung and un-
sprung masses, its piston displacement provides a direct measure of the
suspension stroke. The piston velocity, correspondingly, represents the
relative velocity.

2.3. Nonlinear model of IWM driven semi-active suspensions with MR
dampers

Based on Egs. (4) and (5), an integrated model of the IWM driven
semi-active suspension system is established, in which the damping
force generated by the MR damper and the suspension control input
form a pair of action-reaction forces. It should be noted that the input
and output data in the neural network model Eq. (5) are normalized,
whereas the variables in the suspension system Eq. (4) are physical
values. Therefore, data transformation between the two domains is nec-
essary. The normalization and denormalization operations are defined
as follows:

(r - rmin) -2

r

Fnorm = —1+ ()
‘max ~ "min

_ (rnorm + 1) (rmax _rmin)

2

(8)

+ Fmin
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Combining Egs. (4)-(8) yields the complete nonlinear model of the
IWM driven semi-active suspension with an MR damper, expressed as:

2k +1)=Gyk)+ H, [-& - Wy - x"(k + 1) = b] + Hyw(k)

©)]
x™(k + 1) = tanh (W} - " (k) + Wy - x"(k))
where
§=Fmangmin, b=Fmax;'Fmin (10)

Remark 2. For the input vector ™ (k) of the MR damper, the piston ve-
locity is represented by the normalized value of x (k) — x,(k), and the
piston displacement is represented by the normalized value of x (k) —
x,(k). Therefore, for the system described in (3), the actual control in-
put is the current I(k), which is obtained by denormalizing the network
output I"(k).

3. Controller design

The control problem is defined as the multi-objective optimization
of the nonlinear system described in (9), subject to specified state
constraints. To reduce computational complexity and improve design
feasibility, firstly, an equivalent linear model of the IWM driven MR
semi-active suspension system is constructed using the Koopman opera-
tor. By retaining the essential nonlinear dynamics, this model enables
the complex nonlinear optimization problem to be reformulated and
solved within a linear framework [35]. On this basis, a static output-
feedback H,/GH, controller is developed to effectively attenuate the
vertical vibration induced by road excitations. Specifically, an H_, norm-
based optimization approach is adopted to improve ride comfort, while
the GH, norm framework is employed to directly enforce hard con-
straints on driving safety, suspension stroke, and actuator saturation.
The control structure is shown in Fig. 3.

3.1. Control objectives

The control objectives of the suspension system are summarized as
follows [36]:

(i) Ride comfort: minimize the vertical acceleration of the sprung
mass ¥, to enhance ride comfort.

(ii) Driving safety: the dynamic tire load should not exceed the static
load in order to maintain driving safety.

ki(x, —x,) < (m; +m, +my)g

(iii) Suspension stroke: due to mechanical design limitations, the
suspension stroke is constrained by the allowable maximum
value.

|Xs - xu| < Smax

(iv) Actuator limitations: I € [0, 1]A.

Road excitation

» Semi-Active Suspension

Static Output Feedback
H../GH, Controller

X, =X, X, — X,

s u>ts u

Fig. 3. Integrated control structure of the IWM driven semi-active suspension
system.
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Xt = FGg )

M) = ML (1), 7) = M 1y

Fig. 4. Koopman operator for controlled systems.

3.2. Koopman-based linear model of IWM driven semi-active suspensions
with MR dampers

The Koopman operator is introduced to linearize the RNN model of
the MR damper, mapping the complex nonlinear system into a higher-
dimensional linear space while preserving the nonlinear dynamics. This
approach substantially reduces the complexity of both controller design
and the solution of the optimization problem.

(1) The Koopman operator framework and spectral decomposition
methods

The nonlinear model of the MR damper in Eq. (5) is characterized

by:
X = (u) an
where x}' € Y C R” denotes the output of the RNN hidden layer at time
k, uj! € u C R™ is the control input, and the function f represents the
state transition mapping between two consecutive time steps.

Define 7 as the Koopman operator for the RNN model of the
MR damper, and 9 as the observable function. As illustrated in the
schematic of the Koopman operator evolution in Fig. 4, this operator
maps the state evolution of the original nonlinear system onto a linear
evolution in a high-dimensional space [37]. This mapping leads to the
transformation of the nonlinear dynamics described by Eq. (5) into the
following form:

RO (x ) = D (x oy ) = ( (5 u) sy ) 12

For nonlinear systems, the observable function 901 is often chosen
as eigenfunctions of the associated Koopman operator. Its evolution can
then be characterized by the Koopman spectrum, thereby reconstructing
the dynamics of the original nonlinear system as a superposition of lin-
ear models. Specifically, spectral decomposition extracts the eigenvalues
and eigenfunctions of the Koopman operator, and the global dynamics
are decomposed into a superposition of independent modes.

If ¢ is an eigenfunction of the Koopman operator # with eigenvalue
A;, then:

g (xitug) = & (F (xpoup) sulyy) = A& (xu) 13)

wherei=1,2,...,N.

Remark 3. For notational simplicity, the time step variable k in
discrete-time systems is uniformly expressed in subscript form through-
out this subsection.
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(2) Koopman-based linear model for MR dampers

The EDMD algorithm in [38] is employed to construct a finite-
dimensional approximation of the infinite-dimensional operator #. The
details are as follows:

Firstly, the sequences of the system states, control input, and output
of the RNN model in Eq. (5) are collected to construct the following data
matrices:

_ m m _ m
1n= [ T M ],)(2 = [ X ka1 ]
=| F" ... F" =| uf u'l!
Y |: 1 kmax ,U l kmax

where the state matrices y; € R” *mx and y, € R” *mx, output matrix
Y € R¢*ma, input matrix U € R™'*max, and k,.,, is the length of the
sequence.

The observable function on a finite-dimensional space y is defined
as follows:

max

m m m m T
v () =[ v () wa () ww (x¢) | a
where N is the dimensionality.
For the precise tracking of the states and output damping force of the

RNN model, the following objective functions are formulated as:

kmux

O v () = Awraw () = Bt (1s)
k=1

minimize
AMR-BMR

k,

max
2

minimize Z ”F,;" — Cyrw (x) ” (16)
k=1

2

Then, the state matrix A,,z and the input matrix B, of the linear
system can be obtained.

Finally, the nonlinear system (9) can be reformulated in a linear
framework through the following Koopman-based model:

Ziyt = Ampr - 2k + Byp - uy an

Fyr, = Cumr - 2k

where z, = [y (x7)  n (x¥) wy (x7) ]T denotes the state
vector of the high-dimensional linear model. (x,’j) is taken as
the output of the system, ie., Cyg = [1,0,...,0];«5. The terms
wy (X7) ...wyy (x§) are the outputs of the RNN hidden layer, and
wip (XI7) ...y (xI7) are the predefined lifting functions, which take the

form of Gaussian functions as:

. 2
—

v; (x;(")=exp - 5 i=1,...,N (18)
i

[

where ¢; € R” is the center and o; > 0 is the bandwidth.

The predictive performance of the model (17) is quantitatively as-
sessed using the Root Mean Square Error (RMSE), with units of Newtons
(N), defined as follows:

kmax

) TS
k=1

kmax

RMSE = (19)

where F}" and F), g, denote the output damping forces derived from Egs.
(5) and (17), respectively.

The model is evaluated across a random configuration of initial
states and control inputs. Predictions are performed for 5, 10, and
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Table 2

RMSE values of the Koopman-based linear model.
Prediction Horizon 5 10 20
Koopman-30 2.29 2.31 3.48
Koopman-50 2.28 2.01 3.06
Koopman-80 2.04 2.55 2.99

-1265

-1270

-1275

-1280

Force/(N)

-1285

-1290

— Reference Value = = =~Koopman-30 1
----- Koopman-50 e Koopman-80
-1295
1 2 3 4 5 6 7 8 9 10

Prediction horizon/(n)

Fig. 5. Prediction results of the Koopman-based linear model.

20 steps by lifting the observation function to 30, 50, and 80 dimen-
sions, respectively. The corresponding RMSE results are summarized in
Table 2.

In addition, Fig. 5 compares the prediction dynamics of the RNN
model and Koopman-based linear models of varying dimensions across
a 10-step prediction horizon.

The results presented in Table 2 demonstrate the high accuracy of
all dimensions of the Koopman linear models across different prediction
horizons, validating that the linear model (17) effectively characterizes
the nonlinear dynamics of the MR damper and establishes a foun-
dation for controller design. Furthermore, as depicted in Fig. 5, the
prediction errors are maintained within 5 N, which verifies that the
30-dimensional model already satisfies the required accuracy and that
further increasing the dimension yields no notable improvement. Its
minimal state dimension simplifies the implementation of the H_ /G H,
controller gains, while the adopted control framework ensures strong
robustness against modeling uncertainties and guarantees closed-loop
stability. Accordingly, the 30-dimensional Koopman-based linear model
is selected for the subsequent control synthesis.

Remark 4. The “globally linear representation” of the MR damper dy-
namics achieved through the Koopman operator is valid within the
mechanically permissible operating range defined in this study. In
alignment with established literature [39,40], the Koopman method-
ology facilitates the representation of nonlinear system dynamics in
a linear form within a higher-dimensional lifted space. However, this
representation may exhibit reduced fidelity under extreme operating
conditions-such as abrupt variations in the rheological properties of the
damping fluid, or displacement/velocity responses exceeding the me-
chanical design limits. This reflects an inherent constraint not only in
data-driven modeling methods but also in physics-based models. The
implementation of robust control strategies can partially compensate for
performance degradation resulting from such model-plant mismatch.

(3) Linear model of quarter-vehicle semi-active suspension with MR
dampers

An integrated linear model is established by integrating the suspen-
sion model Eq. (4) and the Koopman-based linear representation of the
MR damper Eq. (17). The normalization and denormalization relations
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are defined in Egs. (7) and (8).

It is worth noting that the damping force output from the Koopman-
based linear model serves as the control input to the suspension system.
This interaction forms an action-reaction pair, satisfying Newton’s third
law with respect to both magnitude and direction.

The conversion between the normalized and actual values is given
by:

yk+1)=Gyk)+ Hy [-& - Cpyp - 2(k + 1) = b] + Hyw(k)
(20)
z(k+ 1) = Aprp - 2(k) + Bysg - u"(K)

I"(k) = ¢y - 1(k) + d;
k) =g xy - xk)+dy

20 = 200 = 63 - Ky - (k) + dy 3))

The relevant parameters are summarized in Table 3.
The subscripts max and min correspond to the predefined upper
and lower bounds, respectively, all of which are fixed known constants.
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Additionally,

[d dy d5 |kc,=[1 0 0 0 0 0],
=[0 1 0 -1 0 0].

d =

From Eq. (21), system (20) can be expressed as:

2+ 1)=G- y(k)—&-H,-Cpg-zk+1)—H, -b+ H, - w(k)
zk+ 1) =Appg-2(k)+ ¢ - Bpypy - I(k) + By - d (22)
+ (62  Byra k1 + 63+ Bygs - k3) - x(k)

where By, p = [ Byri Bur: Bumrs ]
Define the augmented system as:

1"

Eq. (22) can be transformed into:

X(ky=] yk) z(k)

X(k+1) = AX(k) + BI(k) + Hyw(k) (23)

where

5 Ay ~¢H, - Cyr-Ayr  —H\b=EH| - Cyp - (Byg-d)
A=| ¢ Byp ki +6 - Byps -k, ApMR Byg-d ,
0 0 1
[
where
—€-H-Cyr 61 Byri H, x|
- _ Oixz0 O
B= 61 Byri SHy =1 O3 | Stmax ’
0 0 G = —;('[:i Opag 0 [k3=[0 0 1 0 0 0],
7 Oix6  Oixzo 1
A=G—¢-H-Cyr- (6 Byra k1 +63° Byps - K2) ) *
0
where O,,,; is a zero matrix of dimensions i x ;. D,=| 0
Consequently, the multi-objective optimization problem for the orig- 2

inal nonlinear system (9) is equivalently transformed into a controller
design problem for the linear system (23). Therefore, the control design
complexity is significantly reduced.

According to the system control objectives, y, (k) is designated as the
performance output. Based on Eq. (23), this yields:

yi(k) = C; X (k) + D I(k) 24
where
1
C = —m_[fn - CyrAmr & CyrByr-d+ b]1><37’
s
1
Dy =-—-¢-Cygr- 61 Byri
mS
ey = & - Cyr (- Byro K1+ 65 Byrs - 52) + k- +¢5 - K
The constrained system output y,(k) is defined as:
W (k) = C, X (k) + Dy 1(k) (25)
Table 3
Parameter definitions for the integrated Koopman-based linear model.
S %) S3 d d, dy
2 2 Tt Tin Xswax F Homin Zvmax + Xvmin
T = Iin Hsmax = Xsmin Zvmax =~ Xvmin Lmax = Tmin Xsmax = Xsmin Xvmax ~ Xvmin
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Remark 5. The control current I is bounded within [0, 1]A. However,
the GH, control method requires symmetric constraints. Therefore, a
transformation is applied, i.e., 21 — 1 € [-1, 1]A.

Remark 6. Physics-based models for MR dampers (e.g., the Bouc-Wen
model) are parameter-intensive, and lack generalizability across operat-
ing conditions. In contrast, the nonlinear dynamics of the MR damper
can be captured directly by RNNs from experimental data, thereby im-
proving its adaptability to the actual system. Furthermore, to facilitate
linear robust controller design, the Koopman operator is introduced to
derive a globally linearized representation of the damper dynamics.

Remark 7. Although approximation errors arising from RNN training
and EDMD-based projection are inherent to the modeling process, the
accurate force tracking capability of the RNN model ensures that the
resulting Koopman linear model can effectively capture the dynamic
characteristics of the MR damper, which has been validated through
a testbed in our previous work [41].

3.3. Static output-feedback H, /G H, controller design

This section focuses on the development of a static output-feedback
H_, /GH, controller based on the linearized IWM driven MR semi-active
suspension system described in Eq. (23). The controller is designed
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with the objective of maintaining closed-loop stability while fulfill-
ing the aforementioned control objectives, thereby coordinating control
performance with constraint requirements.

Define G, as the closed-loop transfer function mapping the road
excitation w to the performance output y,, and Ty, as the one from w
to the constrained output y,. Accordingly, the control objective can be
described as:

minimize “Gwyl “m

st [Ty, |, <1 (26)
while
711l
G, = su @7
” e ”°° w(t)eL, [lewll,
1321l
T, 1= 28
[l = 20 ey @8
and the infinity norm of the constrained system output y;, is:
2l += x| sup|ya| 29)
The static output-feedback control law is defined as:
I(k) = Ky;(k) (30)
while
y»3(k) = C3X (k) (€20)]
1 0 0 0 0 O
G = [ 1 Ox30 O ] €31 = 01 0 -1 0 0

Substituting controller Eq. (30) into system (23), the controlled
output (24), and the constrained output (25), respectively, yields the
following closed-loop system:

X(k+1)= AX (k) + BI(k) + Hyw(k)

o . (32)
= (A+B-K-C3) X(k) + Hyw(k)
k)= C X (k) + D, I(k
yi(k) 1 X (k) + Dy I(k) 33)
=(C,+ D, -K-C3) X(k)
y(k)= (Cy+ Dy - K - C3) X (k) 34

Theorem 1. Assume x(0) = 0, the following two conditions are mathe-
matically equivalent: 1) the closed-loop system described by Eq. (32) is
asymptotically stable, with its H,, norm from w(k) to the control output
v, (k) is bounded by a given positive scalar p, and its G H, norm from w(k) to
the constraint output y, (k) is less than 1; 2) there exist positive definite sym-
metric matrices W), = W, € R’ and S, € R satisfying the following
condition:

minimize p2

-W, * * *
0 -1+ * * <0 (35)
AW, + BS,C; H, Wi 3
C\ Wy + D, S,C, 0 0 Ty
Wi * l<o 36)

Cy Wy +D,-S,-Cy =T33

If the optimal solution ( pE WHE, S;:) exists, the controller gain can be

obtained as follows:
K =58, N (37)

where N, C; = C3W,, J denotes the identity matrix with compatible
dimensions.
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Proof:
(i) The H,, performance of the system is first analyzed.

The performance requirement in (26) can be ensured if the following
inequality is satisfied for all k:

V(X (k+ 1) = V(X)) + y{ (k) (k) = p*w" (kyw(k) < 0 (38)
Then, (38) can be reformulated as:

XT(k + )Py X (k + 1) = XT(k)P X (k) + y] (K)y, (k) — p?w” (kyw(k) < 0

39
where positive-definite symmetric matrices satisfy P, = P,.
Furthermore, (39) can be equivalently expressed as follows:
T
X (k) P, 0 ] [ X (k) ] T
+ X (k+DP X(k+1
[ w(k) [ 0 = || w (DB XE+D )

+y[(k)y (k) < 0

By applying the Schur complement twice to the inequality (40), the
following LMI is derived:

-P, * * *
0 —0?01, * *
A+B-K-C i, Pl . <0 (41)
Ci+D-K-C; 0 0 U

Since Eq. (41) contains Pk_+]1’ it cannot be directly solved as an LML
Accordingly, the following linearization method is employed.
Pre- and post-multiplying both sides of the inequality (41) by

diag { P T 307 }, and introducing the substitution W, = P,
leads to the equivalent form:
-W, * * *
0 —p?T14; * *

o - <0 42
(A+B-K-Cy) W, H, Wi s “42)
(C,+D;-K-C3) W, 0 0 31
Furthermore, denote

N, C; = C3W,
k3 3Wk 43)
S, =K-N,

Then inequality (42) can be transformed into (35), which implies that
the H_, norm from w(r) to y,(k) is bounded by p*. Thereby the proof is
completed.

(ii) The GH, performance of the system will be analyzed next.

For any positive integer k, define

k-1

T = V(X®) — Y wkywik)

k=0

(44)

Then for any sequence w(k) # 0 € £,[0,0), and k € {1,2,--k — 1},
with X(0) = 0, we have

k—1
T =Y [(V(X(k+ 1) = V(X (k) — w" (kw(k)]
k=0
et Xt T -P, x % X(k)
= w(k) 0 A * w(k)
k=0] 1 A+B-K-C; H, P 1

(45)
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Therefore, J(k) < 0 holds if

—P * *
0 ~Te * <0 (46)
A+B-K-C; H, -P7|

The presence of the term P +11 in inequality (46) prevents the problem
from being directly formulated using the LMI toolbox. Consequently,
an appropriate linearization should be introduced to reformulate the
inequality into an LMI-compatible form.

Pre- and post-multiplying both sides of (46) by
diag{ P;' J J }, and introducing the substitution W, = P,
leads to the equivalent form:

W * *
0 T % <0 47)
AW +B-S.-C; H, W,
For any w(k) # 0 € ¢,[0, o), it satisfies:
k-1
V(X)) < Y w(kwk) (48)
k=0

For any k, define
3 ()2 (k) < XT(k) P, X (k) (49)

According to the Schur complement, (49) is equivalent to:

—P *
<0 50
[C2+D2-K~C3 —33*3] (50)

Pre- and post-multiplying both sides of (50) by diag { P!
and introducing the substitution W, = P_ 1, leads to:

J 4,

- k
[ (c2+D2.I;</k.c3).m s ]<0 (51)
Since N, C; = C3W,, S = K - Ny, the above inequality yields:
[C2~Wk;v1‘)/§-sk.c3 _3*3*3 <0 (52)
From inequalities (48), (49), and (52), we obtain
k-1
(53)

7y < Y wh(w(k)
k=0

From Eq. (28), it can be concluded that if inequalities (36) and (47)
are satisfied, then for any k, the closed-loop GH, norm of the transfer
function from the excitation w(r) to the constrained output y,(¢) is less
than 1. Furthermore, since inequality (47) is subsumed by (35), it is
sufficient to satisfy inequality (36) alone.

4. Simulation analysis

The proposed Koopman-based static output feedback H_,/GH, con-
troller is applied to an IWM driven semi-active suspension system
equipped with MR dampers. To validate the effectiveness of the inte-
grated control strategy, a comparative analysis is conducted against the
PASOF-H, /G H, method proposed in [42] and a conventional Sky-hook
control method.

The evaluation covers corrugated, random and abrupt road profiles,
using the parameters listed in Table 1. For the PASOF-H _, /G H, control
method, the number of segments is set to 15. Table 4 presents the RMS
values of the vertical acceleration under different road excitations, pro-
viding a quantitative measure of ride comfort across varied operating
conditions.
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Table 4
RMS values of vertical body acceleration under various road excitations.
Road Excitation Speed Koopman-H,/GH, PASOF-H_/GH, Sky-hook
(m/s)
Corrugated Road 5 1.8894 1.9674 2.1647
Class C Random Road 20 1.5738 1.7024 1.8447
Abrupt Excitation 8 0.7141 1.1628 0.9130

4.1. Performance evaluation under standard road profiles

(1) Corrugated Road

The road excitation induced by a corrugated road with N periodic
bumps is modeled by the following mathematical expression:

N .
. A 270 (t =10,
x, (ti10) = 2{ 3 <1 —cos <f Yoyt @ G
iz

where 7 5 is the start time of the j — th bump; ](t) is the
interval indicator function, which is defined as:

Yioptoserm

Lo ® = {1 ifr & [f(&j)s f0+L/w)]
O 1Oj+L/v) 0 otherwise

When the vehicle passes at a constant speed of v = 5m/s over a
corrugated road, the time-domain responses of the IWM driven semi-
active suspension system under three control strategies are compared
in Fig. 6. The road profile consists of periodic bumps with a height of
A =0.04m, a length of L = 0.6m, and a spacing of 0.6m.

The simulation results presented in Fig. 6(a) and Table 4 indicate that
the proposed Koopman-H_, /G H, controller substantially enhances the
ride comfort of the vehicle. Specifically, it reduces the body vertical ac-
celeration RMS to 1.8894, compared to 1.9674 for the PASOF-H /GH,
controller, representing a performance improvement of approximately
3.96%. Furthermore, the enhancement is more substantial when com-
pared to the classical Sky-hook method, with a significant improvement
of about 12.72%.

In addition, the PASOF-H_ /GH, controller exhibits an increased
vibration frequency compared to the other two methods, revealing a fun-
damental drawback of the piecewise linearization strategy: insufficient
smoothing across segment boundaries. This leads to frequent controller
switching under dynamic excitations, which generates considerable
oscillatory behavior.

Furthermore, the peak response reflects the maximal transient im-
pact experienced by the suspension system under different road exci-
tations. As shown in Table 5, under corrugated road excitation, the
proposed Koopman-H, /G H, controller exhibits a peak acceleration of
4.7055 m/s? at 0.78 s. Although this value is slightly higher than that
of the PASOF-H_ /G H, controller (4.1901 m/s? at 0.46 s), as shown
in Fig. 6(a), its vibration frequency is significantly lower, suggesting a
reduction in oscillatory behavior. In contrast, the Sky-hook controller
achieves the highest peak acceleration of 5.1452 m/s” at only 0.12 s,
demonstrating its limited effectiveness in attenuating transient shock
loads.

As illustrated in Fig. 6(b), the suspension stroke constraint is strictly
satisfied by all three control strategies. However, Fig. 6(c) demon-
strates a critical divergence in the dynamic-to-static tire load ratio. The
responses of both PASOF-H_ /GH, and Sky-hook control exceed the
prescribed limit, thereby compromising driving safety. In contrast, the
Koopman-H , /G H, controller ensures consistent adherence to the safety
constraint.

The damping force outputs of the Koopman-H_ /GH, and
PASOF-H, /G H, controllers under corrugated road excitation are com-
pared in Fig. 7.
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Fig. 6. Dynamic response of the suspension system under corrugated road excitation.
Table 5 Finally, the damping force output of a conventional H_, controller
Time-domain analysis of absolute peak response under corru- which ignores the physical constraints of the MR damper, is shown in
gated road. Fig. 8. It is evident that the resulting control force frequently violates
Control Strategy Peak time (s) Peak (m/s?) the inherent energy dissipation principles of the MR damper, conse-
quently resulting in the deterioration and even failure of the overall
Koopman-H_ /GH, 0.78 4.7055 tem response
PASOF-H_, /GH, 0.46 4.1901 Sys ponse.
Sky-hook 0.12 5.1452
Remark 8. As systematically investigated in our prior work [42], in-
creasing the number of segments in piecewise affine systems does not
Fig. 7(a) shows that the Koopman-H, /G H, controller fully complies monotonically improve performance. Under identical conditions, the
with the energy dissipation characteristics of the MR damper. In con- 15-segment configuration achieves the best trade-off between model

trast, Fig. 7(b) reveals that the PASOF-H /G H, control strategy exhibits complexity and control effectiveness compared to 9- and 21-segment

a more intense response, and requires further optimization.
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Fig. 7. Comparison of constrained damping force under corrugated road excitation.
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Fig. 8. Unconstrained damping force of conventional H_, control under corru-
gated road excitation.

(2) Class C Random Road

The dynamic response of the system when subjected to a C-class
random road input at a constant speed of 20 m/s is given in Fig. 9.

As depicted in Fig. 9(a) and Table 4, the Koopman-H_/GH, con-
troller demonstrates a performance improvement in vertical acceleration
control of approximately 7.55% and 14.69% over the PASOF-H_ /GH,
and Sky-hook control methods, respectively.

Additionally, as shown in Table 6, under Class C random road
excitation, the proposed controller produces a peak acceleration of
3.7115 m/s?, which is lower than both the PASOF-H_, /G H, controller
(4.3767 m/s?) and the Sky-hook controller (4.2927 m/s?). This result
demonstrates the enhanced damping capability of the proposed control
strategy.

As shown in Fig. 9(b), all three control strategies satisfy the sus-
pension stroke constraint, thereby ensuring structural safety. However,

N’(; 6l [ Koopman-H, /[GHj v Sky-hook
E - - -PASOF-H /GH,

= 4

RS

© 2

Q@

8o

(0]

® -2

5]

54

D=

0 0.5 1 15 2
time/(s)

(a) Vertical acceleration

1.5
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Table 6
Time-domain analysis of absolute peak response under class C
random road.

Control Strategy Peak time (s) Peak (m/s?)
Koopman-H_, /GH, 0.38 3.7115
PASOF-H_ /GH, 1.58 4.3767
Sky-hook 1.32 4.2927

Fig. 9(c) reveals that the dynamic-to-static tire load ratio occasionally
exceeds the prescribed limit under both PASOF-H_/GH, and Sky-
hook control. In contrast, the proposed Koopman-H,, /G H, controller
consistently adheres to this constraint.

Furthermore, as shown in Fig. 10, the damping forces generated by
both the Koopman-H_, /GH, and PASOF-H_ /GH, controllers remain
within the physical capabilities of the MR damper.

As shown in Fig. 11, the conventional H_, controller neglects the
energy dissipation characteristics of the MR damper. This oversight
creates a significant gap between its theoretical design and practical
implementation.

4.2. Robustness assessment of abrupt excitation with parameter
perturbations

To evaluate the robustness and adaptive capability of the proposed
control algorithm under extreme operating conditions, a model param-
eter perturbation is introduced in the simulation. This perturbation
emulates performance degradation caused by variations in tempera-
ture or changes in the medium, resulting in a mismatch between the
Koopman-based linear model and the physical system. It is realized by
superimposing an uniformly distributed multiplicative error over the
interval [-20%, 20%] onto the nominal damping force output F(k) in
Eg. (4). Consequently, the actual output damping force F,(k) is then
expressed as:

0.1
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[ - - -PASOF-H,/GH>
E 0.05
9 !i\‘if\\ i
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[%) 5 SN
g S
@ -0.05
=
[/ /SN LA [ EN—— |
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time/(s)

(b) Suspension stroke

1 -

----- Koopman-H . /GHy =
- - -PASOF-H,/GH,
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Dynamic and static tire load ratio

) 0.5

time/(s)
(¢) Dynamic-to-static tire load ratio
Fig. 9. Dynamic responses of the suspension system under random road excitation.
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Fig. 10. Comparison of constrained damping forces under random road excitation.
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Fig. 11. Unconstrained damping force of conventional H_, control under random
road excitation.
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F,(k) =(0.8+(1.2-0.8) - rand()) - F(k) (55)

Specifically, an increase in temperature reduces the viscosity of the
base fluid, while sedimentation decreases the concentration of effective
magnetic particles in the suspension. Both factors weaken the MR ef-
fect, consequently producing a lower actual damping force than the
controller anticipates. This setup realistically emulates actuator degra-
dation in real-world environments caused by performance deterioration.
The reverse effect induced by a decrease in temperature follows a similar
pattern.

As shown in Fig. 12(d), the road excitation, characterized by a
Class-B random road superimposed with a pothole occurring at #; = 1s,
has an amplitude of 0.04m and a length of 1m. Assuming the vehicle

0.1
|- Koopman-H../GH - Sky-hook| _
= - - -PASOF-H../GH,
‘E: 0.05
o)
‘3 Dyl I’&‘ i N,
5 ORATT ] | NS
@ i
g
w -0.05
=1
[0}
-0.1 :
0 0.5 1 1.5 2
time/(s)
(b) Suspension stroke
0.02
—~ 0.01
E
&
5 0
Q
K
S -0.01
o
-0.02
0 0.5 1 1.5 2

time/(s)

(d) Class-B random road superimposed with a pothole

Fig. 12. Dynamic responses of the suspension system under abrupt excitation.
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Table 7
Time-domain analysis of absolute peak response under
abrupt excitation.

Control Strategy Peak time (s) Peak (m/s?)

Koopman-H_ /GH, 1.12 3.5637
PASOF-H_ /GH, 1.10 3.2696
Sky-hook 1.12 4.7256

passes at a constant speed of v = 8m/s, the time-domain responses
of the IWM-driven semi-active suspension system under three control
strategies are compared in Fig. 12(a)-(c).

As presented in Fig. 12(a) and Table 4, the Koopman-H_/GH,
control strategy significantly improves ride comfort compared to the
PASOF-H_ /G H, and Sky-hook strategies, with performance enhance-
ments of approximately 38.59% and 21.79%, respectively.

Moreover, as shown in Table 7, under abrupt excitation, the proposed
controller yields a peak acceleration of 3.5637 m/s?, which is notably
lower than that of the Sky-hook controller (4.7256 m/s?), albeit slightly
higher than that of the PASOF-H, /G H, controller (3.2696 m/s?). This
result demonstrates the effectiveness of the proposed method in sup-
pressing peak vibration responses induced by abrupt road disturbances.

Fig. 12(b) shows that all three control strategies effectively main-
tain the suspension stroke within its required constraint. However, as
shown in Fig. 12(c), the PASOF-H_ /G H, and Sky-hook control strate-
gies frequently violate the constraint on driving safety. In contrast, the
Koopman-H /G H, controller successfully keeps it within the allowable
range.

Furthermore, Fig. 13(b) reveals that the PASOF-H /G H, strategy,
due to its inherent limitations, ultimately compromises the overall sus-
pension performance. In comparison, the Koopman-H_ /GH, strategy
remains strictly within the physical limitations of the MR damper, and
achieves a better balance between ride comfort and driving safety.

Fig. 14 presents the damping force range of a conventional H
controller designed without considering the dissipation characteristics
of the MR damper, thereby producing a non-physical response and
resulting in complete system failure.

The simulation results show that the PASOF-H /G H, control strat-
egy exhibits limitations in force distribution under aggressive road
excitations due to its pre-defined, fixed switching logic. In contrast,
the Koopman-H_, /GH, control constructs a globally linear model in
a lifted space via the Koopman operator, which enables continuous
force coordination and achieves a superior compromise between comfort
and safety. Furthermore, parameter perturbations are effectively man-
aged by the Koopman-H /G H, controller, which leads to significantly
enhanced robustness against uncertainties and variations in system
dynamics.
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Fig. 14. Unconstrained damping force of conventional H_, control under abrupt
excitation.

Remark 9. It is assumed that the lower-level controller in the hierar-
chical framework can accurately track the desired damping force gen-
erated by the PASOF-H_, /G H, approach, with robustness to parameter
perturbations.

5. Conclusion

A novel integrated Koopman-H_ /GH, control method for IWM
driven semi-active suspensions equipped with MR dampers was pro-
posed in this paper. This method effectively addresses the optimal
control problem for constrained nonlinear systems. It overcomes the ap-
proximation limitations of hierarchical control in handling dissipative
nonlinear constraints, while also circumventing the rigid static switching
logic inherent in piecewise affine controllers within segmented con-
trol architectures. This enables the proposed method to better exploit
the adjustability of MR dampers. Simulation results demonstrated that,
compared with the PASOF-H_ /GH, and conventional Sky-hook con-
trol strategies, a well-balanced trade-off among ride comfort, driving
safety, suspension stroke limitation, and actuator saturation constraints
was achieved by the proposed approach.

To further improve the overall dynamic performance and adaptabil-
ity of the system, future research will explore the integration of preview
technologies and Kalman filter-based state feedback, utilizing road pro-
file information to optimize vehicle performance. Furthermore, the cou-
pling between electromagnetic motor forces and the suspension system
has not been addressed in this study. Future work could establish a cou-
pled dynamic model to analyze the influence of motor electromagnetic
dynamics on suspension behavior and explore co-optimization strategies
for integrated motor-suspension control.
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Fig. 13. Comparison of constrained damping forces under abrupt excitation.
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